Abstract. We consider the modulus of noncompact convexity ∆ X,φ (ε) associated with the minimalizable measure of noncompactness φ. We present some properties of this modulus, while the main result of this paper is showing that ∆ X,φ (ε) is a subhomogenous and continuous function on [0, φ(B X )) for an arbitrary minimalizable measure of compactness φ in the case of a Banach space X with the Radon-Nikodym property.
Introduction
One of the basic concepts of geometry of Banach spaces is that of uniform convexity, introduced by Clarkson [3] . Smulian [11] characterized the property dual to uniform convexity, i.e. uniform smoothness and pointed out that uniform convexity and uniform smoothness describe geometric properties of finite dimensional subspaces of a normed space. Most of the problems in fixed point theory, however, have global character, which was the motivation for considering infinite dimensional counterparts of classical geometric notions. One of these is nearly uniform convexity introduced by Huff in [7] . Goebel and Sekowski [6] define the modulus corresponding to nearly uniform convexity and use the concept of measure of noncompactness to give a new classification of Banach spaces. They prove that whenever the characteristic of uniform noncompact convexity of any Banach space is less than 1, the space is reflexive and has normal structure.
1.1. Fundamental concepts and definitions. In this paper X denotes the Banach space, B(x, r) an open ball centred at x of radius r, B X the unit ball and S X the unit sphere in X. If A ⊂ X we denote by A the closure of a set A and by coA the convex envelope of A. Definition 1.1. Let B be a family of bounded subsets of X. We call the mapping φ : B → [0, +∞) the measure of noncompactness defined on X if it satisfies the following :
(1) φ(B) = 0 ⇔ B is a relatively compact set;
Some of well known measures of noncompactness are Kuratowski measure (α), Hausdorff measure (χ) and Istratescu measure (β), see e.g. [5] , [8] and [12] . We call a measure of noncompactness φ a minimalizable measure of noncompactness if for every infinite bounded set A and for every ε > 0 there exists its subset B ⊂ A which is φ-minimal and such that φ(B) ≥ φ(A) − ε. A measure φ is a strictly minimalizable measure of noncompactness if for every infinite, bounded set A there exists its subset B ⊂ A which is φ-minimal and such that φ(B) = φ(A). Remark 1.2. Clearly every strictly minimalizable measure is a minimalizable measure of noncompactness. See e.g. [8] and [5] for more on measures of noncompactness. 
Banas [4] considered a modulus ∆ X,φ (ε) for φ = χ, where χ is the Hausdorff measure of noncompactness. For φ = α, where α is a Kuratowski measure of noncompactness, ∆ X,α (ε) represents the Goebel-Sekowski modulus of noncompact convexity, see [6] . For φ = β, where β is the separation measure of noncompactness, ∆ X,β (ε) represents the Dominguez-Lopez modulus of noncompact convexity, see [10] . Definition 1.4. We define the characteristic of noncompact convexity of X associated with a measure of noncompactness φ by
For moduli ∆ X,φ (ε) with respect to φ = α, χ, β we have the following inequalities:
and hence
. It is known that X is nearly uniformly convex (NUC) if and only if ε φ (X) = 0, for φ = α, χ, β, see e.g. [5] .
Banas [4] showed that the modulus ∆ X,χ (ε) in the case of a reflexive space X is a subhomogenous function continuous on [0, 1). Prus [9] gave a result which links the continuity of the modulus ∆ X,φ (ε) with the uniform Opial condition which implies the normal structure of the space. In [1] we demonstrated certain properties of the modulus ∆ X,φ (ε) as well as its continuity for a strictly minimalizable measure of noncompactness φ on Banach spaces with the Radon-Nikodym property. Definition 1.5. We say that the Banach space X is with the Radon-Nikodym property if and only if every nonempty bounded subset A ⊂ X is dentable, i.e. if and only if for all ε > 0, exists x ∈ A, such that x / ∈ co(A\B(x, ε)), see e.g. [13] .
The aim of this paper is to show that the modulus ∆ X,φ (ε) is a subhomogenous and continuous function on [0, φ(B X )) for an arbitrary minimalizable measure of compactness φ in the case of a Banach space X with the Radon-Nikodym property.
Structure of paper. This paper has the following structure. Section 1 provides the background information and the fundamental concepts and definitions. Section 2 contains several results which provide the properties of the ∆ X,φ modulus. Section 3 contains the main result of the paper, namely the result on the continuity of the modulus ∆ X,φ . Section 4 contains the discussion of the obtained results.
∆ X,φ modulus properties
Theorem 2.1. Let X be a Banach space with Radon-Nikodym property and let φ be a minimalizable measure of noncompactness. The modulus ∆ X,φ (ε) is a subhomogenous function, i.e. we have that for all k ∈ [0, 1] and for all ε ∈ [0, φ(B X )]
Proof. Let η > 0 be arbitrary and ε ∈ [0, φ(B X )]. By definition 1.3 there exists a convex closed subset A ⊂ B X , φ(A) > ε such that As φ is a minimalizable measure, for δ = φ(kA) − kε 2 > 0 there exists an infinite φ-minimal set B ⊂ kA, such that
i.e. φ(B) > kε. From the Radon-Nikodym property of the space X, for ε > 0 there exists x 0 ∈ B such that
If we define the set
The set B * ⊂ B X is closed and convex and we have that φ(B * ) = φ(C) = φ(B) > kε. If we take the infimum over all the sets B * , φ(B * ) > kε, in inequality (1) we get that
which proves the theorem due to η > 0 being arbitrary.
Several additional properties of the modulus ∆ X,φ arise from Theorem 2.1.
Lemma 2.2. Let φ be a minimalizable measure of noncompactness defined on a Banach space X with the Radon-Nikodym property. Then the modulus ∆ X,φ (ε) is a strictly increasing function on [ε φ (X), φ(B X )].
Theorem 2.1 we have that
Lemma 2.3. Let φ be a minimalizable measure of noncompactness defined on a Banach space X with the Radon-Nikodym property. For every ε ∈ [0, φ(B X )] we have that
Proof. If ε ∈ [0, 1], then using Theorem 2.1, switching the roles of k and ε around and putting ε = 1, we have that
If ε ∈ (1, φ(B X )], then due to monotonicity of the modulus ∆ X,φ (ε) we have that
Lemma 2.4. Let φ be a minimalizable measure of noncompactness defined on a Banach space X with the Radon-Nikodym property. Then the function f (ε) = ∆ X,φ (ε) ε is nondecreasing on [0, φ(B X )] and for ε 1 + ε 2 ≤ φ(B X ) we have that
Using the subhomogeneity of the function ∆ X,φ (ε) we have that
which shows that f (ε) is a nondecreasing function on [0, φ(B X )]. We also have that
which shows inequality (2).
Lemma 2.5. Let φ be a minimalizable measure of noncompactness on a Banach space X with the Radon-Nikodym property. Then for all ε 1 , ε 2 ∈ (ε 1 (X), φ(B X )], such that ε 1 ≤ ε 2 , we have that
Proof. Let k = ε 1 ε 2 ≤ 1. Using Theorem 2.1 we get that
which shows the inequality (3).
The continuity of the modulus of noncompact convexity
The main result of this paper is the following Theorem 3.1. Let φ be a minimalizable measure of noncompactness and let X be a Banach space with the Radon-Nikodym property. Then the modulus of noncompact convexity ∆ X,φ (ε) is a continuous function on [0, φ(B X )).
The proof of Theorem 3.1 follows from two lemmas that deal with the continuity of the modulus ∆ X,φ (ε) from below and above respectively, i.e. Lemma 3.2 and Lemma 3.3.
Lemma 3.2. Let φ be a minimalizable measure of compactness and let X be a Banach space with the Radon-Nikodym property. Then the modulus of noncompact convexity ∆ X,φ (ε) is a continuous function from below on [0, φ(B X )).
Proof. Let ε 0 ∈ [0, φ(B X )) be arbitrary and let ε < ε 0 . By Definition 1.3, for arbitrary η > 0 there exists a convex and closed subset
∆ X,φ (ε 0 ) ≤ ∆ X,φ (ε) + η , whence, due to η > 0 being arbitrary, we complete the proof. Therefore, let ε < φ(A) < ε 0 and γ = ε 0 − φ(A) > 0. Since the measure of noncompactness φ is minimalizable, for arbitrary γ > 0, there exists an infinite φ-minimal subset B ⊂ A such that
Since B ⊂ B X is a bounded subset of the space X with the Radon-Nikodym property, for r = 2φ(A) − ε 0 n 0 there exists
Let C = co B\B(x 0 , r) . The set C ⊂ B is convex and closed and we have that
and let us look at the set A * = kC ∩ B X . A * is closed and convex and we have that A * ⊆ kC ⊂ kB and hence
Since B is φ-minimal so is kB and hence
and hence ∆ X,φ (ε 0 ) ≤ ∆ X,φ (ε) + η , whence due to η > 0 being arbitrary, we have that
Lemma 3.3. Let φ be a minimalizable measure of noncompactness and let X be a Banach space with the Radon-Nikodym property. Then the modulus of noncompact convexity ∆ X,φ (ε) is a function continuous from above on [0, φ(B X )).
Proof. Let η > 0 and ε 0 ∈ [0, φ(B X )). By definition 1.3 there exists a convex and closed subset A ⊂ B X , φ(A) > ε 0 , such that
Since the measure of noncompactness φ is minimalizable, for arbitrary γ > 0, there exists an infinite φ-minimal subset B ⊂ A, such that φ(B) ≥ φ(A) − γ. Let n 0 ∈ N be such that φ(A) − γ n 0 < diamB 2 . Using the Radon-Nikodym property of X for the set B and r = φ(A) − γ n 0 , there exists x 0 ∈ B such that x 0 / ∈ co B\B(x 0 , r) .
In this case the set C = co B\B(x 0 , r) is a convex and closed subset of the set B for which we have
The set A * = kC ∩ B X is a convex and closed set such that
, ε 0 be arbitrary and let γ = ε 0 − ε ′ . Using the above, there exists a subset B ⊂ A such that
Hence for the set A * we have that
If we choose δ = kε ′ − ε 0 , then for an arbitrary ε ∈ (ε 0 , ε 0 + δ) we have that
Discussion
It is known that the separation measure of noncompactness β is a minimalizable measure on a complete metric space. Therefore it is minimalizable on Banach spaces with the Radon-Nikodym property. Using Theorem 3.1 we can conclude that the modulus ∆ X,β (ε) with respect to the separation measure β is a continuous function on [0, φ(B X )) for a Banach space X with the Radon-Nikodym property. For example, since the spaces l p and L p (1 < p < +∞) are reflexive, they are with Radon-Nikodym property. Therefore ∆ lp,β (ε) and ∆ Lp,β (ε) are continuous functions on 0, φ B lp and 0, φ B Lp respectively.
The Kuratowski measure of noncompactness α is not minimalizable on spaces l p (1 < p < +∞). Indeed, if α was minimalizable on these spaces, then for ε ∈ 0, 2
(n ∈ N) and for B lp , there would exist an α-minimal set A ⊂ B lp such that α(A) ≥ α(B lp ) − ε = 2 − ε. Since every α-minimal set is also β-minimal and because α(A) = β(A) (see [5] , Lemma III. 2.9), we have that 2 − ε ≤ β(A) ≤ β(B lp ) = 2 1 p . Because of the choice of ε this would mean that p ≤ 1, which is a contradiction with this choice of p.
Therefore, the measure of noncompactness α is strictly minimalizable on the space l 1 . Namely, since β(A) = 2χ(A) for an arbitrary bounded set A ⊂ l 1 , (see [5] , Corollary X.4.7), and the general property χ(A) ≤ β(A) ≤ α(A) ≤ 2χ(A) holds, we conclude that α(A) = β(A) = 2χ(A). Since l 1 is weakly compactly determined, see [2] , the Hausdorff measure of noncompactness χ is strictly minimalizable on l 1 , which means that the measure α is also strictly minimalizable on l 1 . Hence l 1 is the separable dual of the space c 0 , so it is a space with the Radon-Nikodym property. Using Theorem 3.1 we conclude that ∆ l1,α (ε) is a continuous function on [0, 2).
